The Fibonacci sequence F is the fixed point beginning with a of morphism σ(a, b) = (ab, a). In this paper, we get the explicit expressions of all squares and cubes, then we determine the number of distinct squares and cubes in F[1, n] for all n, where F[1, n] is the prefix of F of length n. By establishing and discussing the recursive structure of squares and cubes, we give algorithms for counting the number of repeated squares and cubes in F[1, n] for all n, and get explicit expressions for some special n such as n = f m (the Fibonacci number) etc., which including some known results such as in A.S.Fraenkel and J.Simpson [8, 9] , J.Shallit et al [7] .
Property 4.2. a(1) = a(2) = a(3) = 0, a(4) = 1 and for n ≥ 5 a(n) = 1 iff n ∈ ∪ m≥1 {2f m+1 , · · · , f m+2 + 2f m − 1}.
One method for counting A(n) is by A(n) = n i=1 a(i). By consider A(f m+2 + 2f m − 1) for m ≥ 1, we can give a fast algorithm of A(n) for all n ≥ 1. Since Proof. When f m+1 +2f m−1 ≤ n ≤ 2f m+1 −1, a(n) = 0, A(n) = A(f m+1 +2f m−1 −1) = f m+1 +f m−1 −3.
When 2f m ≤ n ≤ f m+1 + 2f m−1 − 1, a(n) = 1, A(n) = A(2f m − 1) + n − 2f m + 1. Since A(2f m − 1) = A(f m + 2f m−2 − 1), we have A(n) = n − f m−1 − 2. Thus the conclusion holds. This is a known result of A.S.Fraenkel and J.Simpson, see Theorem 1 in [8] .
The recursive structure of squares
In this section, we establish a recursive structure of squares. Using it, we will count the number of repeated squares in F [1, n] 
Obversely, each Γ i,m,p contains consecutive integers. The numbers of components in vectors Γ 1,m,p and Γ 2,m,p are f m and f m−1 respectively. Moreover max Γ 2,m,p + 1 = min Γ 1,m,p for m, p ≥ 1.
Lemma 5.1 (Lemma 5.3 and 5.4 in [13] ). ⌊φ(p + ⌊φp⌋ + 1)⌋ = p, ⌊φ(2p + ⌊φp⌋ + 1)⌋ = p + ⌊φp⌋.
Proof. By Corollary 3.3, P (a, p) + 1 = p + ⌊φp⌋ + 1. By Lemma 5.1, ⌊φ(p + ⌊φp⌋ + 1)⌋ = p.
Since max Γ 2,m,p + 1 = min Γ 1,m,p for m, p ≥ 1, max Γ 2,m−1,P (a,p)+1 + 1 = min Γ 1,m−1,P (a,p)+1 . Thus the conclusion holds.
By an analogous argument, we have
In Property 5.2 and 5.3, we establish the recursive relations for any Γ 1,m,p (m ≥ 2) and Γ 2,m,p (m ≥ 3). By the one-to-one correspondence between Γ i,m,p and i, K m , p , we can define the recursive structure over { i, K m , p | i = 1, 2; m, p ≥ 1} denoted by S. Each i, K m , p is an element in S. The recursive structure S is a family of finite trees with root i, K m , 1 for all i = 1, 2, m ≥ 1; and with recursive relations:
Property 5.4. Each i, K m , p belongs to the recursive structure S, i = 1, 2, m, p ≥ 1.
Proof. Each element i, K m , 1 is root of a finite tree in S. For m, p ≥ 1,
On the other hand, by the recursive relations τ 1 and τ 2 , each element i, K m , p has a unique position in S. By Property 5.2 and 5.3, the trees in S are pairwise disjoint. Fig.1 and Fig.2 show the two finite trees in the recursive structure S with roots 1, K 5 , 1 and 2, K 5 , 1 respectively. 
The finite tree in the recursive structure S with root 1, K 5 , 1 . 
For instance, taking m = 3, p = 3 and i = 2 in the property above. All squares ending at position 13 are {aabaab}. All squares ending at position 34 are {aabaab, abaabaababaabaab}. Since Ker(aabaab) = aabaa = K 3 and Ker(abaabaababaabaab) = aabaababaabaa = K 5 , only {aabaab} is square with kernel K j , 1 ≤ j ≤ 3. Fig.3 shows the relation:
Fig.3: An example of the graph embedding in the recursive structure S.
From Fig.3 we can see that: in the tree with root 2, K 5 , 1 , the branch from node 2, K 3 , 3 is the graph embedding of the tree with root 2, K 3 , 1 .
6 The number of repeated squares in
} the number of squares ending at position n. By the definition of i, K m , p , b(n) is equal to the number of integer n occurs in the recursive structure S. Thus we can calculate b(n) by the property below. Property 6.4 can be proved by induction and Property 6.1. This is a known result of A.S.Fraenkel and J.Simpson [9] .
Obversely we can calculate B(n) by B(n) = n i=4 b(i) f m−7 + 2, otherwise.
Proof. By Property 6.1, when Algorithm 6.8 (The number of repeated squares, B(n)).
Step 1. For n ≤ 3, B(n) = 0; for n ≤ 4, find the m such that f m ≤ n + 1 < f m+1 .
Step 2. Compare n with 2f m−1 − 1. 
Basic properties of cubes
Let ω be a factor with kernel K m , by an analogous argument as Section 3 and by Proposition 4.8 in [11] , ω p ω p+1 ω p+2 ≺ F has only one case:
Remark 7.1. By the discussion above, we have: all cubes in F are of length 3f m for some m ≥ 2, and a cube of each such length occurs. This is Theorem 8 in J.Shallit et al [7] .
For m ≥ 3 and p ≥ 1, we define a set below:
Obviously it contains all cubes. By Property 3.2 we have
Sets K m , 1 are pairwise disjoint, and each set contains some consecutive integers. We get a chain
By consider C(2f m+1 − 2) for m ≥ 3, we can give a fast algorithm of C(n) for all n ≥ 1. Since 
The finite tree in the recursive structure C with root K 6 , 1 .
Proof. Denote by |ω| a (resp. |ω| b ) the number of letter a (resp. b) occurring in ω. 
For m ≥ 3, we define the vectors
Property 9.6. The finite tree with root K m , 1 belongs to Γ m for m ≥ 3.
Proof.
(1) Since P (a, f m − 1) = f m+1 − 2, the maximal of the recursive structure from K m , 1 is
Thus the maximal integer in the tree is max Step 1. For n ≤ 11, D(n) = 0; for n ≤ 12, find the m such that f m ≤ n + 1 < f m+1 .
Step 2. Calculate D(f m − 2) by Property 10.3.
Step 3. Calculate 
